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Monogamy is an intrinsic feature of quantum correlations that gives rise to several interesting quantum char-
acteristics which are not amenable to classical explanations. The monogamy property imposes physical restric-
tions on unconditional sharability of quantum correlations between the different parts of a multipartite quantum
system, and thus has a direct bearing on the cooperative properties of states of multiparty systems, including
large many-body systems. On the contrary, a certain party can be maximally classical correlated with an arbi-
trary number of parties in a multiparty system. In recent years, the monogamy property of quantum correlations
has been applied to understand several key aspects of quantum physics, including distribution of quantum re-
sources, security in quantum communication, critical phenomena, and quantum biology. In this chapter, we look
at some of the salient developments and applications in quantum physics that have been closely associated with
the monogamy of quantum discord, and “discord-like” quantum correlation measures.
I. INTRODUCTION
Quantum correlations, shared between two or more par-
ties [1, 2], boast of novel features, which are exclusive to
the quantum world and are central to quantum informa-
tion science. On one hand, they play a significant role in
efficient quantum communication [3–5] and computational
[6, 7] tasks, while on the other hand, they help us to under-
stand cooperative phenomena in quantum many-body sys-
tems [8–10]. A key difference between classical and quan-
tum correlations is the way they can be shared among various
parts of a multiparty quantum system. Unlike classical cor-
relations, which can be freely shared, the sharability of quan-
tum correlations is restricted by the non-classical properties
of the quantum system. For example, in a tripartite quantum
state, ρABC , if two parties A and B are maximally quantum
correlated, then none of A and B can share any quantum
correlation with the third party, C [4, 11–14] (For a social
representation, see Fig. 1). However, there exists no such
constraints for the classical correlations, and the pairs of par-
ties, say AB and AC, can simultaneously share maximum
classical correlations. Similar situation arises in multiparty
quantum systems of more than three parties. This exclusive
trade-off between quantum correlations of different combi-
nations of parties in a multiparty quantum system is known
as monogamy of quantum correlations [4, 11–14]. The no-go
theorems, like the no-cloning theorem [15–18], put restric-
tions on the available options in quantum cryptography [3].
Similarly, the monogamy of quantum correlations is a re-
striction on the sharability of quantum correlations, and yet
help in obtaining advantages in a quantum system over their
classical counterparts.
In the seminal work by Coffman, Kundu, and Wootters
(CKW) [13], a monogamy relation for three-qubit pure states
was established by using an entanglement measure, namely,
the squared concurrence [19, 20]. This scenario was later
generalized by Osborne and Verstraete [21] for pure as well
as mixed states of an arbitrary number of qubits. Since quan-
tum correlations do not have a unique quantification even
in the bipartite domain, the immediate question that follows
is whether the monogamy inequality proposed by CKW is
necessarily obeyed by all kinds of quantum correlation mea-
sures. In general, quantum correlations can be broadly clas-
sified into two categories – entanglement measures [1], and
the information-theoretic measures of quantum correlations
[2]. While entanglement of formation [12, 22, 23], concur-
rence [19, 20], distillable entanglement [24, 25], negativity
[26–31], logarithmic negativity [28–31], relative entropy of
entanglement [32–34], etc. belong to the first category, quan-
tum discord [35, 36], and quantum work deficit [37–40] are
examples of the second kind. Although quantum correlations
are qualitatively monogamous, not all of them are limited by
only the form of monogamy constraint proposed by CKW.
In particular, while the squared concurrence and negativity
satisfy the CKW monogamy inequality for all three-qubit
pure states [13, 21, 41], many others, such as logarithmic
negativity and information-theoretic measures, do not satisfy
the same [41–45]. Deliberations on the monogamy of quan-
tum correlations have led to important insights including a
“conservation law” between entanglement and information-
theoretic quantum correlations in multiparty quantum states
[42]. In Ref. [46], the authors formulate the requirements for
a bipartite entanglement measure to be monogamous for all
quantum states, and show that additive and suitably normal-
ized entanglement measure, which can faithfully describe the
geometric structure of the fully antisymmetric state, are non-
monogamous. However, it is also understood that all kinds of
quantum correlations obey the CKW monogamy constraint
for a given state when raised to a suitable power, provided
they follow certain conditions [47].
Interestingly, the limitation imposed by the quantum me-
chanical principles, in form of monogamy constraints, is not
exclusive to quantum correlations. There exists no-go the-
orems which place parallel restrictions such as monogamy
of Bell inequality violation [48, 49] and exclusion principle
of classical information transmission over quantum channels
[50] (cf. [51–54]). More precisely, within the consideration
of a multiparty set-up, for example, of an editor with sev-
eral reporters, if the shared quantum state between the editor
and a single reporter violates a Bell inequality [55, 56] or is
quantum dense codeable [57], then the rest of the channels
shared between the editor and the other reporters are prohib-
ited from possessing the same quantum advantage. Analo-
gous monogamy constraints have also been addressed in the
ar
X
iv
:1
61
0.
01
06
9v
1 
 [q
ua
nt-
ph
]  
4 O
ct 
20
16
2FIG. 1. (Color online) Monogamy: Two persons sharing an um-
brella are unmindful to the presence of the third person.
context of quantum steering [58, 59], quantum teleportation
fidelity [60], and contextual inequalities [61, 62].
The monogamy properties of quantum correlations find
potential applications in quantum information based proto-
cols like quantum cryptography [3], entanglement distilla-
tion [22], quantum state and channel discrimination [44, 45,
63], and in characterizing quantum many-body systems [64–
72] as well as in biological processes [73, 74]. The key
concept of entanglement-based quantum cryptography es-
sentially exploits the trade off in monogamy of quantum cor-
relations, which limits the amount of information that an
eavesdropper can extract about the secret key, shared be-
tween a sender and a receiver, obtained via measurement on
both sides of an entangled state between the sender and the
receiver [4, 11, 75]. The constraints on shareability of entan-
glement finds further application in enhancing quantum pri-
vacy via entanglement purification [76]. Another importance
of monogamy relations, arising due to the constraints that
they put on the distribution of quantum correlation among
many parties, is their ability to capture multipartite quantum
correlations present in the system, the latter being, in general,
a challenging task [13, 77, 78]. Moreover, they play a deci-
sive role in designing the structure of eigenstates of quantum
spin models, which are expected to obey the no-go principles
arising from the monogamy constraints [67].
In this chapter, our main aim is to review the results on
monogamy of quantum discord, and other “discord-like”
measures of quantum correlations. We survey the proper-
ties of a proposed multiparty quantum correlation measure,
called the “monogamy score”, and its relations with other
measures of quantum correlations. Finally, we also take
a look at the usefulness of the monogamy score for quan-
tum discord in quantum information science, and in quan-
tum many-body physics. The structure of this chapter is as
follows. In Section II, we present a short review on the stud-
ies that have been carried out on the monogamy properties
of entanglement. Section III consists of the definitions of
several quantum correlation measures, such as quantum dis-
cord, quantum work deficit, and geometric quantum discord,
that have been defined independent of the entanglement-
separability paradigm, The monogamy properties of these
measures are discussed in the following sections. In Section
IV, we focus on the monogamy of quantum discord. The
monogamy property of other information-theoretic quantum
correlation measures are discussed in Section V. Section VI
provides a report on the relation between the monogamy
of quantum correlations with other multiparty measures. In
Section VII, we review some noteworthy applications of the
monogamy property. Section VIII contains some concluding
remarks.
II. MONOGAMY RELATIONS OF ENTANGLEMENT
In this section, we provide a brief discussion on the
monogamy properties of different entanglement measures,
such as concurrence, negativity, etc. Starting from tripar-
tite quantum systems, we expand the discussion to the more
complex cases in multiparty systems. For a review, see [14].
We also formally define the “monogamy score” corre-
sponding to an arbitrary quantum correlation measure.
A. Tripartite system: CKW inequality and beyond
In this subsection, we review monogamy properties of en-
tanglement in the tripartite scenario, using concurrence as
the entanglement measure. For an arbitrary two-qubit quan-
tum state ρAB , concurrence is defined as [19, 20] CAB ≡
C(ρAB) = max{0, λ1 − λ2 − λ3 − λ4}, where {λi}, , i =
1, . . . , 4, are square roots of the eigenvalues of the positive
operator ρρ˜ in descending order, and the spin-flipped den-
sity matrix ρ˜ is given by ρ˜ = (σy ⊗ σy)ρ∗(σy ⊗ σy). Here
and henceforth, σx, σy and σz denote the standard Pauli
spin matrices. Note that C vanishes for the separable states
and attains the value 1 for the maximally entangled states
in C2 ⊗ C2 systems. The physical significance of concur-
rence stems from the fact that the entanglement of formation
is a monotonic function of concurrence, and vice versa, in
C2 ⊗ C2 [19, 20]. A formal definition of entanglement of
formation is given later in this section.
Consider a three-qubit pure state, ρABC = (|φ〉〈φ|)ABC .
The concurrences corresponding to the the reduced density
matrices ρAB = TrC(ρABC) and ρAC = TrB(ρABC) sat-
isfy the inequalities, C2AB ≤ Tr(ρAB ρ˜AB) and C2AC ≤
Tr(ρAC ρ˜AC), respectively. It can further be shown that
Tr(ρAB ρ˜AB) + Tr(ρAC ρ˜AC) = 4 detρA. This leads to fol-
lowing inequality [13]:
C2AB + C2AC ≤ 4 det ρA, (1)
where ρA = TrBC(ρABC). Even though BC is a four-
dimensional system, the support of ρBC = TrA(ρABC) is
spanned by the eigenstates corresponding to at most two
non-zero eigenvalues of the reduced density matrix ρBC ,
and hence is effectively defined on a two-dimensional space.
3This allows to treat the bipartite split of A and BC as an ef-
fective two-qubit system whose concurrence, CA:BC , is sim-
ply 2
√
det ρA. As a result, the inequality in (1) becomes
C2AB + C2AC ≤ C2A:BC , (2)
and is referred to as the monogamy inequality for squared
concurrence in the case of three-qubit pure state. For a three-
qubit mixed state, the state ρBC may, in principle, have all
four non-zero eigenvalues. However, a generalization of the
above inequality for the mixed state is prescribed by replac-
ing the right hand side of (2) by the minimum average con-
currence squared over all possible pure state decompositions
{pi, |ψi〉} of ρBC , and hence (2) also holds for arbitrary
mixed three-qubit states.
In this context, let us define the tangle for a three-qubit
pure state, ρABC , expressed in terms of squared concur-
rences, as [13]
τABC = C2A:BC − C2AB − C2AC . (3)
It turns out that τABC , which is also known as the three-
tangle, or the residual entanglement, is independent of the
choice of the “node”, which is the siteA here. The tangle has
been argued to characterize three-qubit entanglement. The
generalization of the tangle to mixed states can be obtained
by the convex roof extension, the computation of which is
difficult.
Next, let us present the definition of the entanglement
of formation (EoF) [20], a measure of bipartite entangle-
ment, and its relation with concurrence for two-qubit states.
Consider a bipartite quantum state ρAB , and the ensemble
{pi, |ψi〉} denoting a possible pure state decomposition of
ρAB , satisfying ρAB =
∑
i pi|ψi〉〈ψi|. The EoF is defined
as
Ef (ρAB) = min{pi,|ψi〉}
∑
i
piS(TrB [|ψi〉〈ψi|]), (4)
where S(TrB [|ψi〉〈ψi|]) is the von Neumann entropy of the
reduced density matrix corresponding to the A part of ρAB .
A compact formula for the EoF is known for two-qubit sys-
tems in terms of the concurrence, CAB . For a two-qubit
mixed state ρAB , Ef (ρAB) = h
(
(1 +
√
1− C2AB)/2
)
[20], where h(x) = −x log2 x − (1 − x) log2(1 − x). The
EoF, being a concave function of squared concurrence, does
not obey the CKW inequality. However, the EoF can also
not be freely shared amongst the constituents of a multiparty
system. In fact, the square of the EoF does obey the same re-
lation as the squared concurrence for tripartite systems [79].
Several studies have addressed the monogamy property of
concurrence within the tripartite scenario. We briefly men-
tion some important findings in this direction. It is natural to
ask whether the monogamy inequality is satisfied in tripartite
systems consisting of higher-dimensional parties. The analy-
sis understandably becomes complex with increasing dimen-
sion of the Hilbert space, as much less is known about the
quantification of entanglement in higher dimensional cases.
For example, the exact formula for EoF and concurrence are
missing in higher dimensions. However, there have been
definitive efforts to understand the monogamy constraints in
higher dimensional systems. The results reported in Ref. [80]
indicate that the CKW inequality cannot be directly extended
to higher-dimensional states. However, it has been demon-
strated that the squared concurrence satisfies the monogamy
relation for arbitrary pure states in C2 ⊗ C2 ⊗ C4 [81] (cf.
[82, 83]). The monogamy property of squared concurrence
in higher-dimensional systems of more than three parties has
also been addressed [84]. Other approaches to construct
more monogamy inequalities for entanglement in tripartite
states have made use of the generalized concurrence [85],
which is a multipartite measure of entanglement.
B. Monogamy score
Just like for squared concurrence, one can formulate the
problem of monogamy for arbitrary quantum correlation
measures. For a given bipartite quantum correlation mea-
sure, Q, and a three-party quantum state, ρABC , we call the
state to be monogamous for the measure Q if
Q(ρA:BC) ≥ Q(ρAB) +Q(ρAC). (5)
Otherwise, the state is non-monogamous for that measure.
The measure is called monogamous for a given tripartite
quantum system if it is monogamous for all tripartite states.
Similar to the spirit of tangle defined in Eq. (3), one can
define a quantity called monogamy score [77], of a bipartite
quantum correlation measure, Q, based on the monogamy
relation, given in (5). It is given by
δQ = Q(ρABC)−Q(ρAB)−Q(ρAC), (6)
where we call the party “A” as the nodal observer. With this
notion, the tangle [13] can be called monogamy score for
squared concurrence, and can also alternatively be denoted
by δC2 . This definition can be extended to an N -party quan-
tum state, ρ12...N . An arbitrary N -party state is said to be
monogamous with respect to Q, if
Q(ρj:rest) ≥
∑
k 6=j
Q(ρjk), (7)
and the corresponding monogamy score, for any quantum
correlation measure, Q, is defined as
δjQ(ρ1:23...N ) = Q(ρj:rest)−
∑
k 6=j
Q(ρjk), (8)
with j as the node. Here, ρjk represents the two-party den-
sity matrix, which can be obtained from ρ12...N by tracing
out all the other parties except j and k (j, k = 1, 2, . . . , N ).
It has been argued [13, 77] that the monogamy score quan-
tifies a multiparty quantum correlation measure, and hence
constitutes a method of conceptualizing a multiparty mea-
sure using bipartite ones. A monogamous quantum corre-
lation measure, for a given node j, have δjQ ≥ 0 for all
multipartite states. Unless otherwise stated, we always use
first party as the nodal observer and in that case, we denote
monogamy score as δQ, discarding the superscript. Hence-
forth, we shall always describe an N -party quantum state,
4pure or mixed, by ρ12...N , while for ease of notations, we
denote a three-party quantum state by ρABC .
In an N -party scenario, Coffman, Kundu, and Wootters
conjectured a generalization of the CKW inequality to N -
qubit pure states, ρ12...N , i.e., the inequality in (7), by replac-
ing Q with C2. Some time later, the conjecture was proven
for arbitrary N -qubit states by Osborne and Verstraete [21],
by using an inductive strategy. Also, there have been several
attempts to construct generalized monogamy inequalities for
entanglement in qubit systems [85–90].
C. Monogamy of negativity and other entanglement
measures
The negativity [26–31], N (ρAB), corresponding to the
quantum state ρAB defined on the Hilbert space CA ⊗ CB
for two parties A and B, is defined by NAB ≡ N (ρAB) =
(‖ρTAAB‖1 − 1)/2, where ρTAAB is obtained by performing the
partial transposition on the state ρAB with respect to the sub-
system A [26, 27], i.e., (ρTA)ij,kl = (ρ)kj,il, and where
‖ρ‖1 = Tr
√
ρρ† denotes the trace norm of the matrix ρ.
For systems in C2 ⊗ C2 and C2 ⊗ C3 systems, N > 0 is
the necessary and sufficient for non-separability. In order to
achieve a maximum value of unity in C2⊗C2, the negativity
can be redefined as NAB = ‖ρTAAB‖1 − 1.
For any pure three-qubit state ρABC , the monogamy in-
equality for squared negativity [41],
N 2AB +N 2AC ≤ N 2A:BC , (9)
holds, where A has been chosen as the nodal party, and in
(5), Q is replaced by N 2. For any three-qubit pure state,
it turns out that NA:BC = CA:BC . Moreover, as shown in
Ref. [91] for arbitrary two-qubit mixed states, we have
NAB = ‖ρTAAB‖1 − 1 ≤ CAB . (10)
Thus for any three-qubit pure state, we obtain NAB ≤ CAB
and NAC ≤ CAC , and consequently, the proof of (9) au-
tomatically follows from the corresponding one for squared
concurrence. For an N -qubit pure state, the generalized
monogamy inequality for squared negativity, given in Eq. (7)
can be proven by using N1:23...N = C1:23...N for pure states,
and the relation in Eq. (10).
As mentioned in the previous subsection, there have been
efforts to propose stronger versions of the monogamy rela-
tion for entanglement. Recently, a stronger monogamy in-
equality for negativity has been proposed [92], and a de-
tailed study has been performed for four-qubit states. An-
other interesting proposal pitches the square of convex-roof
extended negativity as an alternative candidate to character-
ize strong monogamy of multiparty quantum entanglement
[93].
Monogamy has also been studied for other entanglement
measures, including entanglement of assistance (EoA) [94],
and squashed entanglement [95, 96]. The definition of EoA,
which was originally introduced in terms of entropy of en-
tanglement, can, in principle, be generalized for other mea-
sures of entanglement. For example, concurrence of as-
sistance (CoA) is an entanglement monotone for pure tri-
partite states [97], and similar to the squared concurrence,
monogamy properties of the squared CoA have been studied
extensively [79, 97–99]. Ref. [100] found lower and upper
bounds of EoA, among which the upper bound was shown to
obey monogamy constraints for arbitrary N -qubit states. In
Ref. [96], Koashi and Winter showed that for arbitrary tripar-
tite states, the one-way distillable entanglement, the one-way
distillable secret key [101], and the squashed entanglement
[95] satisfy the monogamy relation, given in (5). For tripar-
tite pure states, the entanglement of purification [102] was
shown to be non-monogamous in general [103].
The monogamy inequality of entanglement sharing has
been investigated also for continuous variable systems. In
Refs. [104, 105], monogamy inequality for the “continu-
ous variable tangle”, or the “contangle”, has been provided
for arbitrary three-mode Gaussian states and for symmetric
arbitrary-mode Gaussian states, where contangle is defined
as the convex roof of the square of the logarithmic negativ-
ity. Further generalization of the results have been achieved
in [106–108].
III. INFORMATION-THEORETIC MEASURES OF
QUANTUM CORRELATION
In this section, we define a few information-theoretic mea-
sures of quantum correlations, whose monogamy properties
are discussed in the subsequent sections.
A. Quantum discord
Let us consider a bipartite quantum state ρAB , for which
the uninterrogated, or unmeasured quantum conditional en-
tropy is defined as
S˜(ρA|B) = S(ρAB)− S(ρB), (11)
where ρB = TrA(ρAB) is the reduced density matrix of the
subsystemB, obtained by tracing over the subsystemA. One
can also define an interrogated conditional entropy, given by
S(ρA|B) = min{ΠBi }
∑
i
piS(ρA|i), (12)
where the minimization is performed over all complete sets
of projective measurements, {ΠBi }, performed on subsystem
B. The corresponding post-measurement state for subsystem
A is given by ρA|i = TrB [(IA ⊗ ΠBi )ρAB(IA ⊗ ΠBi )]/pi,
where IA is the identity operator on the Hilbert space of the
subsystem A, and pi = TrAB [(IA ⊗ ΠBi )ρAB(IA ⊗ ΠBi )] is
the probability of obtaining the outcome i. These two defi-
nitions of quantum conditional entropy are two different ex-
tensions of the two equivalent expressions of the classical
mutual information. The former is used to define the unin-
terrogated quantum mutual information, given by
I˜(ρAB) = S(ρA)− S˜(ρA|B), (13)
5which is interpreted as the “total correlation” of ρAB[35, 36,
109–113]. On the other hand, the latter provides the defini-
tion of the interrogated quantum mutual information,
I←(ρAB) = S(ρA)− S(ρA|B), (14)
also interpreted as the “classical correlation” present in the
quantum state ρAB [35, 36]. The arrow in the superscript be-
gins from the subsystem on which the measurement is per-
formed. The quantum discord of the state ρAB is the differ-
ence between the uninterrogated and interrogated quantum
mutual informations [35, 36], and is given by
D←(ρAB) = I˜(ρAB)− I←(ρAB)
= S(ρA|B)− S˜(ρA|B). (15)
Note here that one can also define quantum discord,
D→(ρAB), by performing local measurement over the
subsystem A instead of the subsystem B. In general,
D←(ρAB) 6= D→(ρAB). Unless otherwise stated, here and
throughout in this chapter, we consider D←(ρAB) as the
measure of quantum discord. Note also that the definition of
quantum discord is provided by using local projective mea-
surement. However, quantum discord can also be defined in
terms of positive operator valued measurements (POVMs).
B. Quantum work deficit
The amount of extractable pure states from a bipartite state
ρAB , under a set of global operations, called the “closed op-
erations”(CO), is given by [37–40]
ICO = log2 dim (H)− S(ρAB), (16)
where the set of closed operations consists of (i) unitary op-
erations, and (ii) dephasing the bipartite state by a set of pro-
jectors, {Πk}, defined on the Hilbert space H of ρAB . On
the other hand, considering the set of “ closed local opera-
tions and classical communication” (CLOCC), the amount
of extractable pure states from ρAB is given by [37–40]
ICLOCC = log2 dim (H)−minS (ρ′AB) . (17)
Here, CLOCC consists of (i) local unitary operations, (ii)
dephasing by local measurement on the subsystem, say, B,
and (iii) communicating the dephased subsystem to the other
party,A, via a noiseless quantum channel. The average quan-
tum state, after the local projective measurement {ΠBk } is
performed on B, can be written as ρ′AB =
∑
k pkρ
k
AB with
ρkAB and pk being defined in a similar fashion as in the case
of quantum discord. The minimization in ICLOCC is achieved
over all complete sets {ΠBk }. The “one-way” quantum work
deficit is then defined as [37–40]
W←(ρAB) = ICO − ICLOCC
= min
{ΠBk }
[S (ρ′AB)− S(ρAB)] , (18)
where similar to quantum discord, the the arrow in the super-
script starts from the subsystem over which the measurement
is performed.
C. Geometric measure of quantum discord
Geometric quantum discord [114, 115] for a bipartite
quantum state ρAB can be defined as the minimum squared
Hilbert-Schmidt distance of ρAB from the set, SQC , of all
“quantum-classical” states, given by σAB =
∑
i piσ
i
A ⊗
|i〉 〈i|, where {|i〉} forms a mutually orthonormal set of the
Hilbert space of the subsystem B. Mathematically, geomet-
ric quantum discord is given by
DG(ρAB) = min
σAB∈SQC
||ρAB − σAB ||22, (19)
where ||ρ − σ||2 = Tr(ρ − σ)2, for two arbitrary density
matrices ρ and σ (however, see [116]). Although geometric
measures can be defined by using general Schatten p-norms
[117] (see also [118, 119]), it has been shown in Ref. [120]
that the geometric quantum discord can be consistently de-
fined by using the one-norm, i.e., the trace-distance only.
Note here that the asymmetry in the definition of quantum
discord due to a local measurement over one of the parties
also remains here in the choice of σAB . One can also con-
sider “classical-quantum” states, σ˜AB =
∑
j pj |j〉 〈j|⊗σjB ,
to define the geometric quantum discord.
IV. MONOGAMY OF QUANTUM DISCORD
The monogamy score for quantum discord, defined after
(6), is denoted by δ←D or δ
→
D , depending on the subsystem
over which the measurement is performed while computing
the quantum discord. In Refs. [44, 45], it was found that
quantum discord violates the monogamy relation already for
certain three-qubit pure states.
Before discussing the monogamy properties of quan-
tum discord in detail, let us first ask the question as to
whether a measure of quantum correlation, chosen from the
information-theoretic domain, can be monogamous. Al-
though this is a difficult question to answer in its full gen-
erality, some insight can be obtained by noting that there is a
marked difference between such a measure and the ones be-
longing to the entanglement-separability category. The for-
mer may have a non-zero value in the case of a separable
state, while by definition, entanglement measures vanish for
all unentangled states. Let us consider a general bipartite
quantum correlation measure, Q, which, for an arbitrary bi-
partite quantum state ρAB , obeys a set of basic properties, as
enumerated below [43].
P1. Positivity: Q(ρAB) ≥ 0.
P2. Invariance under local unitary transforma-
tion: Q(ρ′AB) = Q(ρAB), with ρ
′
AB =
(UA ⊗ UB)ρAB(U†A ⊗ U†B). Here, UA and UB
are unitary operators defined on the Hilbert spaces of
the subsystems A and B.
P3. Non-increasing upon the introduction of a local pure
ancilla: Q(ρAB) ≥ Q(ρ˜A:BC), with ρ˜A:BC = ρAB ⊗
(|0〉 〈0|)C .
6Note here that the first two properties are standard require-
ments for any measure of quantum correlations, i.e., both
entanglement and information-theoretic measures. The third
property is satisfied, for example, by quantum discord, ir-
respective of whether the ancilla is attached to the mea-
sured, or the unmeasured side. The direction of the inequal-
ity in P3 is interesting. It may seem that we should have
Q(ρAB) ≤ QA:BC(ρAB ⊗ (|0〉 〈0|)C), as throwing out the
C-part, of a state in A : BC, may only “harm” (i.e., reduce
Q), if at all. However, if we look at the definition of quantum
discord, we find that having the extra C-part may do harm,
as it is only the I← term in D← that can get affected due to
the extra C-part. The extra C-part leads to a larger class of
possible measurements that can be performed for the maxi-
mization in I←A:BC , than in I
←
AB .
A generic separable state of the AC system is given by
ρAC =
∑
i
piPA(|ψi〉)⊗ PC(|φi〉), (20)
where P (|α〉) = |α〉 〈α|. Let us now consider a special form
of the tripartite separable state ρABC =
∑
i piPA(|ψi〉) ⊗
PB(|i〉) ⊗ PC(|φi〉) with {|i〉} being a set of mutually or-
thonormal states. The quantum correlation,Q, in theA : BC
bipartition, has the same value as that in the unitarily con-
nected state σABC =
∑
i piPA(|ψi〉) ⊗ PB(|i〉) ⊗ PC(|0〉).
Also, the amount of quantum correlation present in the
state σABC in the A : BC bipartition can not be higher
than that present in the A : B bipartition in the state
σAB = TrC(σABC), i.e., Q(σAB) ≥ Q(ρA:BC). If we
now assume that Q satisfy the monogamy relation, then
Q(σAB) ≥ Q(ρAB) +Q(ρAC). Since ρAB ≡ σAB , we ob-
tain Q(ρAC) ≤ 0, which, due to the positivity of Q, implies
Q(ρAC) = 0. Hence, a quantum correlation measure, Q,
which is monogamous, and which obeys the properties P1–
P3, must be zero for a generic separable state, ρAC . Con-
trapositively, a general bipartite quantum correlation mea-
sure, Q, which has a non-zero value for at least one separa-
ble state, and which obeys a set of basic properties must be
non-monogamous [43].
The above discussion indicates that in the three-qubit sce-
nario, monogamy for a general measure of quantum correla-
tion, which belongs to the information-theoretic domain and
which can be non-zero for a two-qubit separable state of rank
2, can be violated for pure three-qubit states. This includes
quantum discord, and other “discord-like” measures [2]. As
an example, let us consider the three-qubit generalized W
states [121, 122], parametrized using two real parameters
and given by
|gW〉 = sin θ cosφ |100〉+ sin θ sinφ |010〉+ cos θ |001〉 ,
(21)
with θ, φ (0 ≤ θ ≤ pi, 0 ≤ φ < 2pi) being the real pa-
rameters. The plot of the negative of the quantity δ←D =
D←(ρA:BC) − D←(ρAB) − D←(ρAC) as a function of θ
and φ is presented in Fig. 2. Note that over the entire plane
of (θ, φ), −δ←D has positive values, indicating that general-
ized W states always violate monogamy of quantum discord
[44, 45].
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FIG. 2. (Color online) Plot of −δ←D as a function of θ and φ for
three-qubit generalized W states given in Eq. (21). In agreement
with the results reported in [44, 45], −δ←D is positive over the en-
tire plane of (θ, φ). Reproduced figure with permission from the
Authors and the Publisher of Ref. [44]. Copyright (2012) of the
American Physical Society.
In this context, one must note that the monogamy in-
equality of quantum discord, as given by D→(ρA:BC) ≥
D→(ρAB) + D→(ρAC), when the measurement is always
performed over the nodal observer, can be shown to be equiv-
alent to an inequality between the uninterrogated mutual in-
formation of the subsystem BC, and the EoF of the same, as
given by [123]
Ef (ρBC) ≤ I˜(ρBC)
2
, (22)
for three-qubit pure states. Li and Luo [124] have shown
that the inequality given in (22) does not hold for all tripar-
tite pure states, thereby indicating that quantum discord can
be both monogamous as well as non-monogamous, comple-
menting the results obtained in [44, 45], where the measure-
ments involved in the calculation of quantum discord are per-
formed over the non-nodal observers.
The question that naturally arises next is whether a quan-
tum correlation measure, Q, which violates one or more of
the properties P1-P3, can be monogamous. In [43], it has
been shown that a quantum correlation measure, Q, which is
monogamous, and remains finite when the dimension of one
of the subsystems, say, A, is fixed, i.e.,
Q(ρAB) ≤ f(dA) <∞, (23)
must be zero for all separable states. Here, dA represents
the dimension of A, and f is some function. To prove this,
for a generic separable state ρAB , let us consider a symmetric
extension of the form ρAB1B2...BN , where ρAB = ρABi∀i =
1, 2, . . . , N , N being an arbitrary positive integer, such that
Q(ρAB) = Q(ρABi), 1 ≤ i ≤ N [125–128]. This implies∑N
i=1Q(ρABi) = NQ(ρAB). Now, the monogamy of Q
implies
Q(ρA:B1B2...BN ) ≥ NQ(ρAB). (24)
Using (23), we have that Q(ρA|B1...BN ) is finite ∀N , includ-
ing N → ∞. Therefore, (24) can be violated with a large
7enough choice of N if Q(ρAB) 6= 0 for the separable state
ρAB .
A. Relation of entanglement of formation to quantum discord
Let us consider a tripartite pure state ρABC , which is a pu-
rification of the bipartite density matrices ρAB and ρAC , i.e.,
TrB(C)[ρABC ] = ρAC(AB). Let us now consider I←(ρAC),
where the only difference with the quantity defined in Eq.
(14) is that here we assume an optimization over POVMs
[35, 129]. Let {pi, |ψi〉} be a pure state decomposition of
ρAB that achieves the minimum in the definition of the EoF
of ρAB . Now, there must exist a particular measurement set-
ting {M˜i} corresponding to the subsystem C of the state
ρABC , for which the joint state of the rest of the system,
AB, turns out to be |ψi〉 with probability pi corresponding
to the ith outcome [130]. This leaves the subsystem A in the
state TrB(|ψi〉〈ψi|). Following the definition of I←(ρAB),
this implies [96]
I←(ρAC) ≥ S(ρA)−
∑
i
piS [TrB(|ψi〉〈ψi|)] (25)
= S(ρA)− Ef (ρAB). (26)
One may also consider an alternative approach, where a
particular measurement {Mi}, when performed over the sub-
system C, attains the maximum in I←(ρAC) = S(ρA) −∑
i piS(ρi). In general, {Mi} may have a rank more than
1. It is now suggestive to decompose {Mi} into rank-1 non-
negative operators, Mij , satisfying Mi =
∑
jMij . Let us
assume that the action of Mij on the subsystem C leaves the
subsystem A in ρij with probability pij , where the follow-
ing relations hold: pi =
∑
j pij and ρi =
∑
j ρij . Con-
cavity of the von Neumann entropy implies that S(ρA) −∑
ij pijS(ρij) ≥ S(ρA) −
∑
i piS(ρi) = I
←(ρAC). How-
ever, this conflicts with the definition of I←(ρAC), unless
S(ρA)−
∑
ij pijS(ρij) = I
←(ρAC). Now consider the ac-
tion of {Mij} on the subsystem C. The state, |φij〉, of the
subsystem AB, corresponding to the outcome ij, is a pure
state, and the measurement, {Mij}, therefore, leads to an
ensemble {pij , |φij〉}, satisfying
∑
ij pij |φij〉 〈φij | = ρAB .
This also signifies that ρij = TrB [|φij〉〈φij |]. Consequently
[96],
Ef (ρAB) ≤
∑
ij
pijS(ρij) (27)
= S(ρA)− I←(ρAC). (28)
Combining (26) and (28), we have [96]
Ef (ρAB) + I
←(ρAC) = S(ρA). (29)
This directly leads to a relation between entanglement of for-
mation and quantum discord. The above relation turns out to
be extremely important to prove several monogamy relations
for different quantum correlation measures as can be seen in
subsequent sections. However, note that the use of the rela-
tion implies that quantum discord is computed by performing
POVMs.
Note here that ρ⊗nABC is a purification of the states, ρ
⊗n
AB
and ρ⊗nAC . Moreover, the additivity of von Neumann entropy
implies that S(ρ⊗nA ) = nS(ρA). As a result, one obtains
Ef (ρ
⊗n
AB) + I
←(ρ⊗nAC) = nS(ρA). Dividing both sides by n
and taking the limit n→∞, Eq. (29) reduces to
EC(ρAB) + C
←
D (ρAC) = S(ρA), (30)
where EC(ρAB) = lim
n→∞
1
nEf (ρ
⊗n
AB) is the entanglement
cost for creating the ρAB by local operations and classical
communication (LOCC) from a resource of shared singlets
[131], and C←D (ρAC) = limn→∞
1
nI
←(ρAC) is the one-way
distillable common randomness of ρAC [129].
B. Conservation law: Entanglement vs. quantum discord
The above discussion directly leads to a conservation rela-
tion between EoF and quantum discord of an arbitrary three-
qubit pure state, ρABC . Note here that since ρABC is pure,
S(ρA) is a good measure of quantum correlation of ρABC in
the A : BC partition. Eq. (29) implies that the amount
of quantum correlation between the subsystem A and the
rest of the system is the sum of the amount of quantum
correlation present between A and B, and the amount of
classical correlation present between A and C, thereby im-
posing a constraint over the distribution of the correlations
between A and the rest of the system. Adding the unin-
terrogated mutual information between A and C, given by
I˜(ρAC) = S(ρA) + S(ρC) − S(ρAC), to both sides of Eq.
(29), one obtains
Ef (ρAB) = D
←(ρAC) + S˜(ρA|C). (31)
Proceeding in a similar fashion, one can write Ef (ρAB) and
Ef (ρAC) as
Ef (ρAB) = D
←(ρBC) + S˜(ρB|C),
Ef (ρAC) = D
←(ρAB) + S˜(ρA|B). (32)
Since the tripartite state is pure, Ef (ρC:AB) = S(ρC) and
Ef (ρB:AC) = S(ρB), which, from Eq. (32), implies [42]
D←(ρAB) = Ef (ρAC)− Ef (ρC:AB) + Ef (ρB:AC).
(33)
Also, noticing that S˜(ρA|B) = −S˜(ρA|C) since the state
ρABC is pure, and using Eqs. (31) and (32), one obtains
[42]
Ef (ρAB) + Ef (ρAC) = D
←(ρAB) +D←(ρAC). (34)
Note here that in the above discussion, we have considered
the party A to be the nodal observer, and while computing
quantum discord, the measurement is performed over the
non-nodal observer. The above equation suggests that for
an arbitrary tripartite pure state ρABC , the sum of all pos-
sible bipartite entanglements shared by the nodal observer
with the rest of the individual subsystems, as measured by
the EoFs, can not be increased without increasing the sum of
corresponding quantum discords by the same amount. This
8seems to indicate a “conservation relation” between EoF and
quantum discord with respect to a fixed nodal observer in the
case of a given tripartite pure state.
In this context, we point out that multipartite measures of
quantum correlations have been defined as the sum of quan-
tum correlations for all possible bipartitions in a multiparty
quantum state, by using EoF, quantum discord, and geomet-
ric quantum discord as measures of bipartite quantum corre-
lations. For tripartite pure states, the conservation law im-
plies that certain such multipartite measures corresponding
to EoF and quantum discord are equivalent [132, 133]. In
the same vein, Ref. [134] investigates the above multipar-
tite quantum correlations, in terms of EoFs and quantum dis-
cords for even and odd spin coherent states.
Since D←(ρA:BC) = Ef (ρA:BC) = S(ρA) for an arbi-
trary tripartite pure state ρABC , Eq. (34) implies an equiva-
lence between the monogamy relation of EoF and quantum
discord [45]. In the case of mixed states, the conservation
law changes into [42]
D←(ρAB) +D←(ρAC) ≥ Ef (ρAC) + Ef (ρAB) + ∆,
(35)
where ∆ = S(ρB)− S(ρAB) + S(ρC)− S(ρAC).
C. Relation with interrogated information
We now derive a relation which gives a physical insight
into the monogamy property of quantum correlation mea-
sures. For an arbitrary tripartite state ρABC , an uninterro-
gated conditional mutual information is defined as
I˜(ρA:B|C) = S˜(ρA|C)− S˜(ρA|BC), (36)
while the corresponding interrogated version can be ex-
pressed as
I(ρA:B|C) = S(ρA|C)− S(ρA|BC), (37)
involving measurement over one or more of the subsystems.
Here, I˜(ρA:B|C) and I(ρA:B|C) are non-negative, which is
a direct consequence of the non-increasing nature of con-
ditional entropy with an increase in the number of parties
over which it is conditioned. The definitions of S and S˜
are as given in Sec. III A. Given a tripartite quantum state
ρABC , the interaction information [135], I(ρABC), is de-
fined as the difference between the information shared by
the subsystem AB when C is present, and when C is traced
out. Since S˜(ρA|C) = S(ρAC) − S(ρC) and S˜(ρA|BC) =
S(ρABC)− S(ρBC), one can write an uninterrogated inter-
action information as [44]
I˜(ρABC) = I˜(ρA:B|C)− I˜(ρAB)
= S(ρAB) + S(ρBC) + S(ρAC)− S(ρABC)
−(S(ρA) + S(ρB) + S(ρC)). (38)
One can also define an interrogated interaction informa-
tion, where the conditional entropies are defined so that a
complete measurement has to be performed on one of the
subsystems. In the case of the tripartite state ρABC , an inter-
rogated interaction information is given by
I(ρABC){ΠBk ,ΠCi ,ΠBCj } = I(ρA:B|C){ΠCi ,ΠBCj } − I(ρAB){ΠBk },
(39)
where the suffix on I(ρABC){ΠBk ,ΠCi ,ΠBCj } indicates that
the measurements are performed over B, C, and BC. A
similar notation is used to define I(ρA:B|C){ΠCi ,ΠBCj } =
S(ρA|C){ΠCi } − S(ρA|BC){ΠBCj } and I(ρAB){ΠBk } =
S(ρA) − S(ρA|B){ΠBk } ≡ S(ρA) −
∑
k pkS(ρA|k). For
an arbitrary tripartite state ρABC , the value of the interro-
gated interaction information is obtained by performing an
optimization over the measurements. One can show that the
quantum interaction information (i) can be either positive or
negative, (ii) is invariant under local unitaries, and (iii) obeys
the inequality I(ρABC) ≥ I˜(ρABC) under unilocal measure-
ments, which can be seen directly from the fact that quantum
discord is non-negative [44].
If the optimization over the complete set of measurements
is performed, the monogamy relation of quantum discord,
i.e.,
D←(ρAB) +D←(ρAC) ≤ D←(ρA:BC) (40)
directly leads to
I(ρA:B|C)− I(ρAB) ≤ I˜(ρA:B|C)− I˜(ρAB). (41)
On the other hand, assuming the relation (41) im-
plies that minΠBCi S(ρA|BC){ΠBCi } − S˜(ρA|BC) ≥
[minΠBi S(ρA|B){ΠBi } − S˜(ρA|B)] + [minΠCi S(ρA|C){ΠCi }
− S˜(ρA|C)], which, in turn, implies the monogamy of
quantum discord. Therefore, an arbitrary tripartite quantum
state ρABC is monogamous with respect to quantum discord
if and only if I(ρABC){ΠBk ,ΠCi ,ΠBCj } ≤ I˜(ρABC) [44]. For
a tripartite pure state, since I˜(ρABC) = 0, the interrogated
interaction information is non-positive.
Consider the space of arbitrary three-qubit pure states,
formed by the union of the GHZ and W classes, which are
inequivalent under stochastic local operations and classical
communication (SLOCC) [136]. The monogamy of quan-
tum discord has been tested numerically for the GHZ and the
W classes [44]. Evidence for both satisfaction and violation
of monogamy relation of quantum discord in the former class
has been found, while for the latter, monogamy of quantum
discord is always found to be violated [44], if the measure-
ment is performed over non-nodal observers. The violation
of monogamy of quantum discord in the case of three-qubit
pure states belonging to the W class can be proved analyt-
ically using the equivalence of monogamy relations of EoF
and quantum discord in the case of tripartite pure states (see
Sec. IV B) [45]. Up to local operations, an arbitrary three-
qubit pure state can be parametrized as [137, 138]
|ψABC〉 = λ0 |000〉+ λ1eiγ |100〉+ λ2 |101〉+ λ3 |110〉
+λ4 |111〉 , (42)
where {λi : i = 1, . . . , 4} and γ are real parameters. For
λ4 = 0, Eq. (42) represents an arbitrary state from the W
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FIG. 3. (Color online) Variation of the monogamy score for squared
quantum discord (blue solid line) in comparison to that of quan-
tum discord (red dash-dotted line) [139]. Left: Variations of the
monogamy score for squared quantum discord and quantum dis-
cord for the generalized W state, |gW〉, as functions of the parame-
ter φ, where the parameter θ is set to pi/4. Right: Variations of the
monogamy score for squared quantum discord and quantum dis-
cord in the case of the two-parameter state |ψ(p, )〉, as a function
of the state parameter p, where the other parameter is chosen to be
 = 0.5. Reprinted figure with permission from the Authors and the
Publisher of Ref. [139]. Copyright (2012) of the American Physical
Society.
class, for which the tangle vanishes [13], i.e.,
C2AB + C2AC = C2A:BC , (43)
where C represents the concurrence [13, 20]. Since Ef
(0 ≤ Ef ≤ 1) is a concave function of C2(0 ≤ C2 ≤ 1),
for two-qubit states, Ef (ρAB) + Ef (ρAC) ≥ Ef (ρA:BC).
Hence by using Eq. (34), we obtain the proof of violation
of monogamy for quantum discord for the states from the W
class.
D. Monogamy of quantum discord raised to an integer power
Let us consider a bipartite quantum correlation measure,
Q, which is monotonically decreasing under discarding sys-
tems, and remains unchanged under discarding systems only
for quantum states satisfying monogamy. Suppose that
ρABC is a state that violates the monogamy relation for Q.
This implies
Q(ρA:BC) < Q(ρAB) +Q(ρAC),
Q(ρA:BC) > Q(ρAB) > 0,
Q(ρA:BC) > Q(ρAC) > 0. (44)
We have additionally assumed that Q(ρAB) > 0 and
Q(ρAC) > 0. However, the vanishing Q cases can be han-
dled separately. These directly lead to
lim
n→∞
[
Q(ρAB)
Q(ρA:BC)
]n
= 0,
lim
n→∞
[
Q(ρAC)
Q(ρA:BC)
]n
= 0. (45)
Therefore, for all values of  > 0, there exists two positive in-
tegers, n1() and n2(), such that [Q(ρAB)/Q(ρA:BC)]m <
 for all positive integers m ≥ n1(), and similarly
for [Q(ρAB)/Q(ρA:BC)]m with respect to n2(). With a
choice of  < 1/2, one obtains [Q(ρAB)/Q(ρA:BC)]m,
[Q(ρAC)/Q(ρA:BC)]
m <  for all positive integers m ≥
n(), where n() = max[n1(), n2()], leading to[
Q(ρAB)
Q(ρA:BC)
]m
+
[
Q(ρAC)
Q(ρA:BC)
]m
< 2 < 1, (46)
for all positive integers m ≥ n(). Therefore, considering
the bipartite quantum correlation measure Qm, we find that
monogamy is obeyed for the state ρABC [47].
In the case of quantum discord, monogamy property is
obeyed for m ≥ 2 [47, 139], while in the subsequent sec-
tions, we shall be discussing similar results regarding other
measures of quantum correlations. Note also that if a quan-
tum correlation measure Q is monogamous in the case of a
three-party quantum state, any positive integer power of the
measure is also monogamous for the same state, which can
be shown directly by expanding (Q(ρAB)+Q(ρAC))m, and
considering the non-negativity of Q [47].
We illustrate this by considering the monogamy of squared
quantum discord for two specific cases: (1) The three-
qubit generalized W state, discussed in Sec. IV, and (2) a
two-parameter three-qubit pure state, given by |ψ(p, )〉 =√
p |000〉+√p(1− ) |111〉+√(1− p)/2(|101〉+ |110〉),
where p and  are real. The variations of the monogamy
score of squared quantum discord and quantum discord, as
functions of the state parameters, are plotted in Fig. 3 [139],
which clearly indicates that over the entire range of the state
parameters, the squared quantum discord is monogamous,
but the quantum discord itself is not.
The case of non-integer powers was considered in [140].
It was shown that a monogamous measure remains monoga-
mous on raising its power, i.e., if Q(ρA:BC) ≥ Q(ρA:B) +
Q(ρAC), then Q(ρA:BC)m ≥ Q(ρA:B)m + Q(ρAC)m,
where m ≥ 1. Similarly, one can also prove that a non-
monogamous measure of quantum correlation remains non-
monogamous with a lowering of the power [140]. Moreover,
it has been pointed out in Ref. [140] that if a convex bipar-
tite quantum correlation measure Q, when raised to a power
r = 1, 2, is monogamous for pure tripartite states, then Qr is
also monogamous for the mixed states on the given Hilbert
space. Note also that all the results mentioned in this subsec-
tion, except the monogamy of squared quantum discord, has
been generalized to the N -partite case [47, 140].
E. N-partite quantum states
Research on the monogamy properties of quantum corre-
lations belonging to either entanglement-separability or the
information-theoretic paradigm predominantly deals with
tripartite quantum states [13, 21, 41, 44, 45]. It is observed
that “good” entanglement measures [141], which are known
to be non-monogamous, in general, for tripartite quantum
states, tend to obey monogamy, when considered for quan-
tum states of a moderately large number of parties [142].
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Irrespective of the genre of the measure used, it is possi-
ble to determine certain other independent sufficient condi-
tions for an arbitrary bipartite quantum correlation measure
to satisfy monogamy for arbitrary multiparty states. Let us
consider an N -partite pure state ρ12...N , where each of the
parties has a dimension d. As the first condition, we assume
our chosen quantum correlation measure Q to be monoga-
mous for all tripartite quantum states in dimension d⊗d⊗dm
with m ≤ N − 2. The monogamy of such an N -partite state
can be expressed as
Q(ρ1:23...N ) ≥ Q(ρ12) +Q(ρ1:34...N ), (47)
where a partitioning of ρ12...N , given by 1 : 2 : 34 . . . N , is
assumed, and qubit 1 is chosen to be the nodal observer. One
may, in turn, partition the state ρ134...N = Tr2[ρ12...N ] as
1 : 3 : 4 . . . N , and can continue to do so till the last couple
of parties, labeled by N − 1, and N . Recursively applying
the tripartite monogamy relation, (47) can be reduced to
Q(ρ1:23...N ) ≥ Q(ρ12) +Q(ρ1:34...N ),
≥ Q(ρ12) +Q(ρ13) +Q(ρ1:45...N ),
. . .
≥
N∑
k=1
Q(ρ1k), (48)
the intended monogamy of Q for the state ρ12...N [21, 142].
As the second condition, let us assume the convexity of
Q, and a convex roof definition of Q in the case of a mixed
state ρ12...N . For a tripartition 1 : 2 : 34 . . . N of an N -party
mixed state ρ12...N , one obtains
Q(ρ12...N ) = Q
(∑
k
pk(|ψ〉 〈ψ|)k12...N
)
,
=
∑
k
pkQ
(
|ψ〉i12...N
)
, (49)
where the optimal convex roof decomposition providing
Q(ρ12...N ) is {pk, |ψi12...N 〉}. If one additionally assumes
that Q is monogamous for all tripartite pure states in dimen-
sion d⊗d⊗dm, withm ≤ N−2, then by using the convexity
of Q, from Eq. (49), one can write
Q(ρ12...N ) ≥ Q(ρ12) +Q(ρ1:34...N ). (50)
Continuing as before, the monogamy of the mixed state
ρ12...N with respect to Q, i.e., the relation (48), can be
proven.
The above result has been numerically tested in Ref.
[142], by Haar-uniformly generating three-, four-, and five-
qubit pure states. For several quantum correlation mea-
sures, it is found that the percentages of multiqubit pure
states increase with increasing the number of parties. These
measures include quantum discord and qantum work deficit.
For example, the percentages of three-, four-, and five-qubit
states, which are monogamous for quantum discord with
measurement performed on the nodal observer, are respec-
tively 90.5%, 99.997%, and 100%. This result indicates that
in the case of a moderately large number of parties in the
system, quantum correlation measures, which are known to
be non-monogamous for tripartite quantum states, tend to
obey monogamy for almost all states [142]. The adjective
“almost” is necessary, since for a fixed number of parties,
the set of Haar-uniformly generated states may exclude the
sets of measure zero in the state space. Therefore, there
may exist measure-zero non-monogamous multipartite states
which can not be made monogamous for a specified quan-
tum correlation measure by increasing the number of par-
ties. Indeed, it is found that the family of N -qubit Dicke
states [143] can not be made monogamous with respect to
quantum discord by increasing the number of parties. More
specifically, it has been shown that an N -partite pure state
with vanishing tangle, i.e., C2(ρ12...N ) =
∑N
j=2 C2(ρ1j),
violates the monogamy relation for quantum discord if the
sum of the uninterrogated conditional entropy conditioned
on all the non-nodal observers is a negative quantity [142].
In other words, C2(ρ12...N ) =
∑N
j=2 C2(ρ1j) implies δ←D ≤∑N
j=2 S(ρ1|j),and hence, for pure states having vanishing
tangle and
∑N
j=2 S(ρ1|j) < 0, the monogamy score for
quantum discord is negative, and this is the case for the N -
qubit Dicke states.
F. Monogamy of quantum discord in open quantum systems
Although being of extreme importance, studies of the
monogamy property of quantum correlations under noisy en-
vironments is limited, possibly due to the mathematical diffi-
culties. Recently, there have been experimental evidence, in
photonic systems, of a flow of quantum correlations which
occurs between a two-qubit system, AB, and its environ-
ment, E [144]. In this scenario, initially present bipartite
entanglement in the system AB decays with time, while
multipartite entanglement and multipartite quantum discord
emerges in the multipartite system constituted by the bipar-
tite system and its environment. In another work, the dy-
namics of the monogamy property of quantum discord, in
the case of global noise1, and dissipative and non-dissipative
single-qubit quantum channels is discussed in [63], by us-
ing generalized GHZ [145] and generalized W [121, 122]
states as input states to the noise. As a representative of the
dissipative noise, amplitude-damping (AD) channel is used,
while phase-damping (PD) and depolarizing (DP) channels
are chosen as examples of non-dissipative channels2. In
1 The global noisy channel considered corresponds to the completely pos-
itive trace preserving (CPTP) map, ρ → ρ′ = ζ(ρ), given by ρ′ =
γ I
d
+ (1− γ)ρ, where I is the identity matrix, d is the dimension of the
Hilbert space on which ρ is defined, and γ ∈ [0, 1] is the mixing factor.
2 The CPTP maps, ρ → ρ′ = ζ(ρ), corresponding to these local noisy
channels, can be given in the form of their respective Kraus operators,
{Ek}, such that ρ′ =
∑
k EkρE
†
k , where
∑
k E
†
kEk = I. For the
single-qubit AD, PD, and DP channels, the Kraus operators are given by
{Eadk }, {Epdk }, and {Edpk }, respectively. The Kraus operators for the
AD channel are given by
Ead0 =
(
1 0
0
√
1− γ
)
, Ead1 =
(
0
√
γ
0 0
)
,
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case of the three-qubit generalized GHZ state, given by
|gGHZ〉 = a0 |000〉+a1 |111〉, the monogamy score of quan-
tum discord has been shown to be decaying monotonically
with increasing strength of the noise parameter. On the other
hand, in the case of three-qubit generalized W states given by
|gW〉 = a0 |001〉+a1 |010〉+a2 |100〉3, monogamy score for
quantum discord exhibits non-monotonic behaviour when
the value of the noise parameter is increased. Here, each
qubit of the three-qubit states is used as input to the quantum
channel under study. For example, when the DP channel is
being studied, the three qubits of the three-qubit state are fed
into these independent DP channels. A characteristic value
of the noise parameter, called the dynamics terminal [63],
is introduced to quantify the robustness of the monogamy
score against a particular type of noise applied to the input
state, and depolarized channel is identified as the one that
destroys monogamy score faster than the other channels con-
sidered. A related statistics of three-qubit states belonging to
the sets of generalized GHZ states and generalized W states
is obtained numerically, which leads to a conclusive two-step
distinguishing protocol to identify the type of noise applied
to the three-qubit system. We discuss the details of the two-
step channel discrimination protocol in Sec. VII B. In [146],
dynamics of quantum dissension [147], and the monogamy
score of quantum discord in the case of amplitude-damping,
dephasing, and depolarizing channels are discussed, when
the input is from a set of three-qubit states including mixed
GHZ states, mixed W states, and a certain mixture of sep-
arable and bi-separable states. It was also found there that
certain non-monogamous states become monogamous with
the increase of noise.
V. MONOGAMY OF OTHER QUANTUM
CORRELATIONS
In this section, we discuss the monogamy properties of
information-theoretic quantum correlation measures other
than quantum discord. We will present results that are spe-
cific to the measures, while the results for generic measures
of quantum correlations, as discussed in the previous sec-
tions, remain valid. We start the discussion with quantum
work deficit, which, apart from obeying the properties re-
lated to monogamy for general quantum correlation mea-
sures, has a direct relation with the monogamy of quantum
while for the PD and the DP channels, they are
Epd0 =
√
1− γI, Epd1 =
√
γ
2
(I+ σ3), Epd2 =
√
γ
2
, (I− σ3),
and
Edp0 =
√
1− γI, Edpi =
√
γ
3
σi; i = 1, 2, 3,
respectively. Here, γ is the local noise parameter, with γ ∈ [0, 1].
3 Note that |gW〉, given in Eq. (21), has been parametrized in the spher-
ical polar co-ordinates, and during numerical simulation, θ and φ are
generated continuously, while in this case, a0 and a1 are chosen Haar-
uniformly to simulate the |gW〉 state.
discord in the case of tripartite pure states [47]. Assuming
that the optimizations for both quantum discord and quan-
tum work deficit of the bipartite state ρAB takes place for the
same ensemble {pk, ρkAB}, from the definition of quantum
discord and quantum work deficit, one can show that
W←(ρAB) = D←(ρAB)− S(ρB) +H({pk}), (51)
where H({pk}) is the Shannon entropy originating from
the local measurement on the party B. Since H({pk}) ≥
S(ρB), W←(ρAB) ≥ D←(ρAB). This implies that if
quantum work deficit is monogamous, i.e., W←(ρA:BC) ≥
W←(ρAB) + W←(ρAC), and since W←(ρA:BC) =
D←(ρA:BC) = S(ρA) [35–39] for pure states, we have
D←(ρA:BC) = W←(ρA:BC) ≥W←(ρAB) +W←(ρAC)
≥ D←(ρAB) +D←(ρAC),
(52)
which implies monogamy of quantum discord. Note that the
reverse is not true. Note also that although one can show
that W←(ρAB) + W←(ρAC) ≥ D←(ρAB) + D←(ρAC)
for a three party mixed state under the same assumption of
optimization.
In the case of arbitrary three-qubit pure states, quan-
tum work deficit can be both monogamous and non-
monogamous. As discussed in Sec. IV D, similar to quan-
tum discord, a state that is non-monogamous with respect
to quantum work deficit can be made monogamous by rais-
ing quantum work deficit to an appropriate integer power,
m. For quantum discord, one requires m ≥ 2 to obtain
monogamy, while for quantum work deficit, the percentage
of non-monogamous three-qubit pure states with m ≥ 4 is
approximately 0.22, implying that a higher integer power of
quantum work deficit is necessary to achieve monogamy for
almost all three-qubit pure states.
Similar to the findings for quantum discord and quantum
work deficit, and from the discussion in Sec. IV, geomet-
ric quantum discord is not monogamous in general, since
it is non-zero in the case of some separable states. How-
ever, in contrast to quantum discord and quantum work
deficit, geometric quantum discord is always monogamous
for an arbitrary three-qubit pure state ρABC [43]. Note
that the geometric quantum discord, in the present case, is
computed by performing the minimization over the set of
all “classical-quantum states” instead of “quantum-classical
states” as defined in Sec. III C. This is proved by show-
ing the existence of a classical-quantum state, σABC , for
which DG(ρA:BC) ≥ ||ρAB − σAB ||22 + ||ρAC − σAC ||22,
where σAB(AC) = TrC(B)(σABC), whenever ρABC is pure.
Since the right hand side of the inequality is always big-
ger than DG(ρAB) +DG(ρAC), due to the minimization in-
volved in geometric quantum discord, we obtain the claimed
monogamy of DG. Monogamy of geometric quantum dis-
cord is also considered in Ref. [148], while in the multi-
qubit scenario, the monogamy of DG is addressed in Refs.
[149, 150]. Ref. [151] investigates the monogamy of geo-
metric quantum discord in photon added coherent states.
The monogamy of quantum correlations in the case of
three-qubit pure symmetric states, in the Majorana represen-
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tation [152], was addressed in [153], where the Rajagopal-
Rendell quantum deficit (RRQD) [154, 155] is used as the
quantum correlation measure. For a bipartite quantum state
ρAB , RRQD is defined as the relative entropy distance
[34, 156] of the state ρAB from ρdAB =
∑
ij pij |i〉 〈i| ⊗
|j〉 〈j|, which is diagonal in the eigenbasis of the marginals,
ρA, and ρB , given by {|i〉} and {|j〉}, respectively. Here,
pij = 〈j|〈i|ρAB |i〉|j〉, with
∑
i,j pij = 1. Mathematically,
DRR = S(ρAB ||ρdAB), (53)
where for two arbitrary density matrices ρ and σ, S(ρ||σ) =
Tr(ρ log2 ρ− ρ log2 σ). In the case of three-qubit pure sym-
metric states, RRQD was shown to be non-monogamous in
general [153]. In particular, it was shown that although gen-
eralized W states can satisfy as well as violate the monogamy
inequality for RRQD, the generalized GHZ states always sat-
isfy the relation.
We conclude this section by mentioning the monogamy
property of measurement induced non-locality, introduced
by Luo and Fu [157], and defined as
N(ρAB) = max{ΠA}
||ρAB − ρ′AB ||22, (54)
where ρ′AB =
∑
i Π
i
A ⊗ IBρABΠiA ⊗ IB , IB is the iden-
tity matrix in the HIlbert space of B, and {ΠiA} is the
set of elements of a projective measurement for which∑
i Π
i
AρAΠ
i
A = ρA. For this measure, three-qubit pure
states belonging to the GHZ and the W class can be non-
monogamous in general [158], although unlike quantum dis-
cord, both the generalized GHZ and generalized W states
satisfy the monogamy relation.
VI. RELATION WITH OTHER MULTIPARTY
MEASURES
An important perspective of the monogamy inequality of
quantum correlations can be obtained by harvesting its inher-
ent multipartite nature, and establish relations between the
monogamy scores and the other quantum correlation mea-
sures including bipartite and multipartite entanglement. In
several works, monogamy scores of a given quantum corre-
lation measure has been used as important markers of multi-
partite quantum correlations. In the seminal paper by Coff-
man, Kundu, and Wootters [13] introducing the monogamy
inequality for tripartite states, tangle has been described as
“essential three-qubit entanglement”. Over the years, quan-
tities such as monogamy scores for different quantum cor-
relation measures, including quantum discord and quantum
work deficit, have been used as bona-fide measures of multi-
partite quantum correlations [44, 77].
Recently, the relations of monogamy score for quantum
discord with different multipartite quantum correlation mea-
sures, such as tangle [13], genuine multiparty entangle-
ment measures quantified by generalized geometric measure
(GGM) [159, 160], and global quantum discord [161], have
been established [44, 162, 163]. Significant approaches to
quantify multipartite entanglement and quantum correlations
using the monogamy principle have also been undertaken
[79, 139, 164, 165]. Monogamy scores of quantum discord
and violation of Bell inequalities have also been connected
[166, 167]. Tripartite dense coding capacities are also shown
to have relations with the monogamy score of quantum dis-
cord [168, 169].
A. Monogamy score versus other multi-site quantumness
measures
In Ref. [170], the monogamy score of a quantum cor-
relation measure for an N -qubit pure multipartite state,
ρ12...N = |Ψ〉 〈Ψ|, is shown to be intrinsically related to
the genuine multipartite entanglement, as quantified by the
GGM [159, 160]. An N -party pure quantum state |Ψ〉 is
genuinely multipartite entangled if there exist no bipartition
across which the state is product. The GGM, G, of |Ψ〉 is
defined as
G(|Ψ〉) = 1− max
{|Φ〉}
|〈Φ|Ψ〉|2, (55)
where the maximization is over the set of states {|Φ〉},
which are not genuinely multiparty entangled. The GGM is
known to be an entanglement monotone [159]. The above
expression for GGM can be simplified to the form, G =
1−maxk∈[1,N/2]
[{
ξm(ρ
(k))
}]
, where
{
ξm(ρ
(k))
}
is the set
of highest eigenvalues of all possible reduced k-qubit states,
where k ranges from 1 to N/2.
For three-qubit pure states, the maximum eigenvalue has
to arise from single-qubit density matrices. Hence, an im-
mediate relation between the monogamy score δQ and the
GGM can be established in this case [44, 78]. Let a =
max{ξm(ρ(1))} be the maximum eigenvalue correspond-
ing to the single-qubit reduced state, ρ(1) of |Ψ〉, so that
G = 1 − a. From Eq. (8), δjQ ≤ Q(ρj:rest), where j is
the nodal qubit. Now, the quantity Q(ρj:rest) is a function
of a, say FQ(a). Moreover, we have G = 1 − a, which
gives us FQ(a) = FQ(1 − G), which gives us the bound,
δjQ ≤ FQ(a) = FQ(1 − G). Now the monogamy score,
δQ, is defined as the minimum score over all possible nodes,
implying δQ ≤ δjQ. Hence, we obtain an upper-bound on the
monogamy score in terms of a function of GGM, given by
δQ(|Ψ〉) ≤ FQ(1− G(|Ψ〉)). (56)
For quantum correlation measures that reduce to the von
Neumann entropy for pure states, such as distillable entan-
glement [12], entanglement cost [171], entanglement of for-
mation [22], squashed entanglement [95, 96], relative en-
tropy of entanglement [32, 34], quantum discord [35, 36],
and quantum work-deficit [37–40], the function FQ(1−G) =
h(G), where h(x) is the Shannon entropy. For the entangle-
ment monotones, squared concurrence [13] and squared neg-
ativity [30, 41], the quantity FQ(1−G) is equal to zG(1−G),
where z = 4 and 1 for C2 and N 2, respectively. We present
a plot in Fig. 4 of the upper bound for the case of three-
qubit pure states, with the quantum correlation being chosen
as quantum discord. The above relation can be generalized to
N -qubit pure states, where the upper bound on δQ in terms
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of the entropic or quadratic functions of GGM, can be shown
to exist for all states that satisfy a set of necessary conditions.
For instance, for allN -qubit states |Ψ〉with G = 1−a, the up-
per bound is universally valid. In other words, for N -qubit
state |Ψ〉, if the maximum eigenvalue, among eigenvalues
of all local density matrices, is obtained from a single-qubit
density matrix, it has been shown that the upper-bound re-
mains valid [170].
An important implication of the above bound is that it is
even for those quantum correlation measures for which the
corresponding δQ can not be explicitly computed for arbi-
trary states. Examples of such measures include distillable
entanglement, entanglement cost, and relative entropy of en-
tanglement. The theorem implies that any possible value for
these measures will always result in a δQ that lies on or above
the boundary.
Apart from entanglement measures, violations of Bell in-
equalities are important indicators of quantumness present
in compound systems [56]. The two-point correlation func-
tion Bell inequality violations, and their monogamy proper-
ties [48, 49] have been connected with the monogamy scores
of entanglement and quantum discord in three-qubit quan-
tum systems [166, 167]. It has been shown that for three-
qubit pure states, the monogamy scores for quantum corre-
lations including quantum discord can be upper-bounded by
a function of the monogamy score for Bell inequality vio-
lation [166]. Moreover, it was shown in Ref. [167] that if
the monogamy score for quantum discord in the case of an
arbitrary three-qubit pure state, |Ψ〉, is the same as that of
the three-qubit generalized GHZ state, then the monogamy
score corresponding to the Bell inequality violation of |Ψ〉
is bounded below by the same as that of the generalized
GHZ state, when the measurements in quantum discord are
performed on the non-nodal observer. In case the measure-
ments are performed on the nodal observer, the role of the
generalized GHZ state is replaced by the “special” GHZ
state of N qubits [167], given by |sGHZ〉 = |00 . . . 0〉N +
|11〉 ⊗ (β |00 . . . 0〉 +
√
1− β2e−iθ |11 . . . 1〉)N−2, where
β ∈ [0, 1], and θ is a phase.
B. Information complementarity: Lower bound on
monogamy violation
For a multipartite system in a pure quantum state, ρ12...N ,
let us first divide the whole system into two parts, x and y,
such that x ∪ y = {1, 2, . . . , N}. It is possible to derive an
information-theoretic complementarity relation between the
purity of the subsystem ρx, where ρx = Tryρ12...N+1, and the
bipartite quantum correlation shared between the subsystem
xwith the rest of the system, i.e., with y, and is given by [75]
P (ρx) +Q(ρxy) ≤ b
{
= 1, if dx ≤ dy,
= 2− log2 dylog2 dx , if dx > dy,
. (57)
Here, dx(y) is the Hilbert-space dimension of x(y), P =
log2 dx−S(ρx)
log2 dx
is the normalized purity of the subsystem x,
S(ρx) is the von Neumann entropy of ρx, and Q(ρxy) =
Q(ρxy)
min{log2 dx,log2 dy} is the normalized quantum correlation
(with Q(ρxy) being the corresponding quantum correlation)
shared between the subsystems x and y. The proof of the
relation (57) requires that Q(ρxy) satisfies the conditions
Q(ρxy) ≤ S(ρx). However, it is independently satisfied by
several important quantum correlation measures [75, 172].
The above complementarity relation has useful application
in quantum key distribution [75].
If we now consider a non-monogamous normalized bipar-
tite quantum corelation measure, Q, which could, for ex-
ample, be normalized quantum discord or normalized quan-
tum work deficit, we can obtain a useful lower bound on the
monogamy score in terms of purity. For an N -qudit state,
using (8) and (57), one obtains the relation [172],
δQ ≥ −(N − 2)
(
1− P (ρn0) +
1− x0
N − 2
)
, (58)
where n0 is the nodal qubit and x0 = P (ρn0) + Q(ρn0:rest).
For x0 ≥ 1 and large N , we obtain δQ ≥ −(N − 2)(1 −
P (ρn0)), which provides a nontrivial lower bound for the
monogamy score of Q. For three-qubit states, the lower
bound of δQ reduces to δQ ≥ −S(ρn0). See Fig. 4.
C. Relation with multiport dense coding capacity
Another application of the monogamy inequality and the
monogamy score is their role in estimating optimal clas-
sical information transfer in multiport dense coding pro-
tocols [57, 173–177]. A complementarity relation of the
monogamy score for quantum correlation measures, such as
squared concurrence and quantum discord, with the maximal
dense coding capacity for pure tripartite quantum states was
established in Ref. [168]. The dense coding capacity of a
bipartite quantum state ρ12 is given by [173–177]
C(ρ12) = max [log2 d1, log2 d1 + S(ρ2)− S(ρ12)] . (59)
Without a shared entangled resource, the capacity would
be log2 d1, and hence the quantum advantage is Cadv =
max{0, S(ρ2)−S(ρ12)}. One can consider a multiport com-
munication with ρ12...N as the resource state, where 1 is the
sender, and the rests are the receivers. The quantum advan-
tage in multiport dense coding for the transfer of classical
information from 1 to N − 1 individuals can be defined as
Cadv = max [{S(ρi)− S(ρ1i)|∀ i = 2, . . . , N}, 0]. Now, if
one considers the set of pure tripartite quantum states, the
monogamy score for squared concurrence and quantum dis-
cord are intrinsically related to the quantum advantage in
dense coding. Specifically, it was shown that for any fixed
monogamy score, the maximum quantum advantage is ob-
tained from a single parameter family of three-qubit pure
states, given by |ψα〉 = |111〉 + |000〉 + α(|101〉 + |010〉)
[168]. It is possible to derive a complementarity relation
between the monogamy score of quantum discord and the
quantum advantage. A similar complementarity relation ex-
ists between the monogamy score of squared concurrence
and Cadv.
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Monogamy scores of entanglement and quantum discord
have also been related to the multiparty dense coding ca-
pacity between several senders and a single receiver [169].
In particular, it was shown that in the noiseless scenario,
among all multiqubit pure states with an arbitrary but fixed
multiparty dense coding capacity, the generalized GHZ state
has the maximum monogamy score for quantum discord,
i.e., if C˜(|ψ〉) = C˜(|gGHZ〉), it implies δD(|ψ〉) ≤
δD(|gGHZ〉), where C˜(ρ12...N ) = log2 d1...N−1+S(ρN )−
S(ρ1...N ), with ρ1...N being a state shared between N −
1 senders, 1, 2, . . . , N − 1, and the receiver, N . Here,
d1...N−1 = d1d2 . . . dN−1. We have suppressed the arrow
in the superscript of δD here, as the result is true indepen-
dent of the direction of the arrow. The above result is also
true if δD is replaced by the tangle. Note also that Ref. [169]
also considers the noisy channel case.
VII. PHYSICAL APPLICATIONS
In recent years, several works have been undertaken to
elucidate the role of monogamy of quantum correlations in
studying quantum systems and their dynamics. In particu-
lar, the concept of monogamy has been used to characterize
quantum states [44, 45, 153, 158] and channels [63], and also
to provide deeper understanding of many physical properties
such as critical phenomena in many-body systems [68–72]
involving complex quantum models such as frustrated spin
lattices [72], and biological compounds [73, 74]. Moreover,
monogamy also provides an important conceptual basis to
quantify quantum correlations in multiparty mixed states, by
using the concept of the monogamy score in situations where
the usual measures of quantum correlations are neither easily
accessible nor computable. More precisely, given a bipartite
quantum correlation measure, the monogamy score for that
measure defined for a given multiparty system, leads us to
a measure of multipartite quantum correlation, without an
increase in the complexity on both experimental and theoret-
ical fronts as compared to those at the level of the bipartite
measure.
A. State discrimination
An important aspect in the study of the monogamy proper-
ties of quantum correlation measures, such as quantum dis-
cord and quantum work-deficit, is that these measures are not
universally monogamous. In other words, for these quan-
tum correlation measures, the monogamy inequality is not
universally satisfied for all quantum states. This dichotomy
allows the monogamy of quantum correlations to be an im-
portant figure of merit in state discrimination. In particu-
lar, for three-qubit pure states, it was shown that while the
generalized GHZ states are always monogamous with re-
spect to quantum discord, all generalized W states violate
the monogamy inequality [44, 45]. The above results were
extended to the more general sets, viz. the GHZ and the
W class states, where it was shown that more than 80%
of the Haar-uniformly generated GHZ class states satisfy
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FIG. 4. (Color online) Upper and lower bounds on the monogamy
score of quantum discord for pure three-qubit GHZ- and W-class
states. For three-qubit pure states, the upper bound using the GGM,
G, and the lower bound from the information complementarity, are
given by the quantity h(G) and −h(G), respectively, where h is
the binary entropy function. The scatter points in the figure cor-
respond to 106 three-qubit pure states generated Haar uniformly.
An equal number of W-class states are also Haar uniformly gen-
erated. The figure shows that all W-class states have a negative
monogamy score that is weakly bounded below by−S(G), whereas
GHZ-class states can have both positive and negative monogamy
scores. Reprinted figure with permission from the Authors and the
Publisher of Ref. [78]. Copyright (2012) of the American Physical
Society.
monogamy, in contrast to W class states which are always
non-monogamous (see Fig. 4). The monogamy score, there-
fore, plays a role that is akin to entanglement witnesses
[27, 178–182]. Indeed a given linear entanglement witness
allots values (real numbers) with a certain sign (say, nega-
tive), to all separable states while for entangled states, the
same witness can have values of both signs. So, a positive
value of the witness for a certain state immediately implies
that the state is entangled. Similarly, a positive value of the
monogamy score for quantum discord for a three-qubit pure
state implies that the state is from the GHZ class. Subse-
quently, the comparative studies of the SLOCC inequivalent
classes was discussed using the monogamy score of another
measure of quantum correlation [153], namely, the quantum
deficit [154, 155]. It was shown that while generalized W
states may violate monogamy, generalized GHZ states al-
ways satisfy the monogamy inequality of quantum deficit.
We therefore find that the state discrimination protocol us-
ing monogamy inequalities is dependent on the choice of
the quantum correlation. For instance, using the monogamy
properties of measurement induced non-locality [157], it was
shown that both tripartite generalized GHZ and generalized
W states are monogamous[158].
The monogamy inequality and the related monogamy
scores have also been used to characterize pure tripartite
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FIG. 5. (Color online) Schematic representation of the two-step
channel discrimination protocol proposed in [63]. Reproduced fig-
ure with permission from the Authors and the Publisher of Ref.
[63]. Copyright (2016) of Physics Letter A (Elsevier).
quantum states [77], by finding the relation of the monogamy
scores for those states with the corresponding values for mea-
sures of genuine multipartite entanglement, viz. the GGM
[159, 160] and the multipartite Mermin-Klyshko Bell in-
equalities [55, 183–185]. In particular, tripartite states that
have a vanishing monogamy score for quantum discord have
been explored in this way [77]. Some of these aspects have
been discussed in Sec. VI.
B. Channel discrimination
Another application of the monogamy considerations of
quantum correlations comes from the study of their behav-
ior under the action of global and local noisy channels.
It has been observed that an analysis of the dynamics of
the monogamy scores of quantum discord and entangle-
ment, quantified by negativity, for initial tripartite general-
ized GHZ and generalized W states can conclusively iden-
tify the noisy channel acting on the system [63]. By ana-
lyzing the monogamy scores for quantum discord (δD) and
negativity (δN ), with generalized GHZ and generalized W
states as inputs, a two-step discrimination protocol to iden-
tify the above channels has been developed. To describe the
protocol, let us consider an apriori unknown noisy channel,
chosen from a set containing a global noise channel, and the
AD, PD, and DP channels. See Sec. IV F for descriptions of
these channels. In step 1 of the channel-discrimination pro-
tocol, one feeds generalized W state to the unknown channel
with moderate noise, i.e., γ ∈ [0.4, 0.6]. The monogamy
score of discord is the primary indicator in this step. For the
global noise and DP channel, δD ≥ 0, while it is strictly neg-
ative for the AD and PD channels. In step 2 of the protocol,
the same unknown channel, with moderate noise, is applied
to an generalized GHZ state, and in this instance, both δN
and δD of the output state are estimated. It is observed that
δN > 0 for the global noisy channel, but vanishes for the
DP channel. Note that step 2 distinguishes between the in-
stances which exhibit δD ≥ 0 in step 1. On the other hand,
in step 2, δD ≥ 0.13 for the AD channel and δD ≤ 0.09 for
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FIG. 6. (Color online) Variation of the monogamy score of squared
quantum discord as a function of ∆ with increasing system-size in
the case of the XXZ model. Reprinted figure with permission from
the Authors and the Publisher of Ref. [70]. Copyright (2014) of the
Europhysics Letters (Institute of Physics).
the PD channel. Therefore, the values of δD and δN together
can discriminate between the global noise and the three local
noisy channels [63]. A schematic representation of the two-
step channel discrimination protocol can be found in Fig. 5.
Identification of quantum channels using the dynamics of
monogamy scores of quantum correlations is potentially an
important addition to the literature on channel identification
[186] and estimation [187], which is a significant yet less dis-
cussed part of the vast literature on quantum state estimation
[188].
C. Characterization of quantum many-body systems
Although several studies have attempted to characterize
many-body quantum systems using quantum correlations be-
yond entanglement (for a review, see Ref. [2]), those engag-
ing monogamy of quantum correlations to understand co-
operative properties in strongly-correlated many-body sys-
tems are relatively scarce. In Ref. [68], monogamy prop-
erty of quantum discord is used to characterize the ground
state of the one dimensional bond-charge Hubbard model. A
paradigmatic quantum spin model in one dimension is the
XYZ model, represented by the Hamiltonian
H =
J
4
N∑
i=1
{
(1 + g)σxi σ
x
i+1 + (1− g)σyi σyi+1 + ∆σzi σzi+1
}
+
hf
2
N∑
i=1
σzi , (60)
where J is the strength of the nearest-neighbour exchange
interaction, g is the x − y anisotropy parameter, ∆ and hf
are the anisotropy, and the strength of the external mag-
netic field, respectively, in the z direction. Several important
one-dimensional quantum spin Hamiltonians emerge from
Eq. (60). For example, the Hamiltonian in Eq. (60), with
g = 0 and hf = 0, represents the one-dimensional XXZ
model, while for ∆ = 0 and g = 1, the model corresponds
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to the one-dimensional quantum Ising model in an external
transverse magnetic field. In Ref. [70], the monogamy score
of squared quantum discord is used to investigate the crit-
ical points of the one-dimensional XXZ model. See Fig.
6 for the variation of δ←D2 against the anisotropy parame-
ter, ∆. Monogamy properties of other quantum correla-
tion measures such as geometric discord [69] and measure-
ment induced disturbance [71] have also been investigated in
the XXZ model. In an experimental study investigating the
ground state of the one-dimensional quantum Ising model
in a transverse magnetic field, by using a nuclear magnetic
resonance (NMR) setup, monogamy scores of negativity and
quantum discord are shown to distinguish between the cases
of positive (frustrated phase) and negative (non-frustrated
phase) values of J in the ground state of the system [72].
It is interesting to note that monogamy of entanglement has
been used to constrain the bipartite entanglement of resonat-
ing valence bond states [64–66].
D. Quantum biological processes
An interesting recent development in physics has been the
investigation of the possibility of quantum effects in certain
complex biological processes. In particular, light-harvesting
protein complexes have been modeled to investigate pho-
tosynthetic processes in certain bacteria, with specific in-
terest in the role of quantum coherence and quantum cor-
relations [189–192]. Several studies have investigated the
well-known Fenna-Mathews-Olson (FMO) complex, which
mediates energy transfer from the receiving chromophores
to the central reaction center, and attempted to character-
ize the efficiency of the energy transfer in terms of quan-
tum correlations [190, 191]. The role of monogamy of
quantum correlations in the dynamics was recently investi-
gated in Refs. [73, 74]. In Ref. [74], it is shown how the
monogamy of quantum correlations, as quantified by nega-
tivity and quantum discord, is able to detect the arrangement
of the different chromophore nodes in the FMO complex and
support the predicted pathways for the transfer of excitation
energy. The results also reiterate the predominance of mul-
tiparty quantum correlation measures over bipartite correla-
tions between the nodes of the FMO complex.
VIII. CONCLUSIONS
Like other no-go theorems [15–18, 193–196] in quantum
information science, in a multipartite domain, restrictions on
sharability of quantum correlations, named as monogamy of
quantum correlations, play a crucial role in achieving suc-
cesses in, and in understanding of several quantum infor-
mation processing tasks. In this chapter, we have discussed
the monogamy properties of information-theoretic quantum
correlations, specifically quantum discord, and highlighted
their significant features. Computable multipartite quantum
correlation measures are rare, although there are a handful
of bipartite quantum correlation measures, including quan-
tum discord and several “discord-like” measures, which are
possible to calculate, at least numerically. The concept of
monogamy opens up a new avenue where multipartite prop-
erties of a system can be studied via bipartite quantum cor-
relations and becomes extremely useful to study different
physical systems. This leads to another interesting aspect
of monogamy, namely, its application in several key phe-
nomena in quantum physics, ranging from quantum commu-
nication to the emerging research on quantum spin models,
quantum biology, and open quantum systems, which is also
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